A rigorous study of the asymptotic behavior of the system constituted by a very thin linearly piezoelectric plate bonded on a linearly elastic body supplies various models for an elastic body monitored by a piezoelectric patch.
Introduction
Many studies dealing with the mathematical modeling of piezoelectric devices were devoted to the behavior of the sole patches and provided various asymptotic models for thin linearly piezoelectric plates (see [1] and the references therein). However, the essential technological interest of piezoelectric patches being the monitoring of a deformable body they are bonded to, here we intend to propose various asymptotic models for the behavior of the body through the study of the system constituted by a very thin linearly piezoelectric flat patch perfectly bonded to a linearly elastic three-dimensional body.
A reference configuration for the body is an open set Ω laying in {x 3 < 0} whose part of its Lipschitz-continuous boundary ∂Ω is a non-empty domain S in {x 3 = 0} and such that S × (−L, 0) is included in Ω for some positive real number L, while the patch occupies B ε := S × (0, ε), ε being a small real number; let O ε := Ω ∪ S ∪ B ε . The body is clamped on a part Γ 0 of ∂Ω \ S with a positive two-dimensional Hausdorff measure H 2 (Γ 0 ), and subjected to body forces and surface forces on Γ 1 := ∂Ω \ (S ∪ Γ 0 ) of densities f and F . Moreover, for all δ in R, let S δ denote S + δe 3 , {e 1 , e 2 , e 3 } being a basis of the Euclidean physical space assimilated to R 3 , surface forces of density G acts on S ε whilst the patch is free of mechanical loading and electric charges in B ε and on its lateral boundary ∂ S × (0, ε). If u ε , e(u ε ), σ ε denote the fields of displacement, strain and stress in O ε and ϕ ε , D ε stand for the electric potential and the electric displacement, part of the equations describing the electromechanical equilibrium read as:
f is the extension of f to B ε by 0, n is the unit outward normal and a denotes the elasticity tensor which satisfies:
where Lin(S N ) is the space of linear operators on the space S N of N × N symmetric matrices whose inner product and norm are noted · and | · | as in R 3 . If H := S 3 × R 3 is equipped with an inner product and a norm also denoted as previously,
The models will be distinguished according to the additional necessary boundary conditions on S ε and S, characterized by an index p in {1, 2} 2 . Case p 1 = 1 corresponds to a condition for the electric displacement on S ε :
q ε being a density of electrical charges, while p 1 = 2 corresponds to a condition of given electrical potential:
roughly speaking, p 1 = 1 deals with patches used as sensors, whereas p 1 = 2 concerns actuators (see [1, 2] ). Index p 2 accounts for the status of the interface between the patch and the body: p 2 = 1 corresponds to an electrically impermeable interface, p 2 = 2 corresponds to a grounded interface:
It will be convenient to use the following notations:
where the same symbol e(·) stands for the symmetrized gradient in the sense of distributions of
2 ). Moreover we introduce some spaces, linear and bilinear forms in order to supply a variational formulation of (1)-(5). An electromechanical state will be an element r = (v, ψ) of
where, for any domain O of R 
It is well known that for all ϕ 0 in H 1/2 ({x 3 = 0}), there exists an element of
when p 2 = 2, still denoted by ϕ 0 whose trace on S is ϕ 0 . Hence the element ϕ ε
Let M p and L p be defined by:
It is straightforward to check that M p is continuous and coercive on V p (actually on H 1) ), L p is continuous on V p , and seeking an equilibrium state leads to the problem
which by the Lax-Milgram lemma has a unique solution (if one adds the condition ϕ ε
The asymptotic models
We will propose our four models by studying the asymptotic behavior of s ε p , when ε goes to zero, in three steps:
Step 1 (a priori estimates): By taking r =s ε p in the formulation of (P ε p ) and by due account of (2), (3), (8), (9) and of the following Lemma 2.1, we have:
Lemma 2.1. There hold:
Proof. Points (ii)-(iii) are standard due to the cylindrical geometry of B ε . To prove (i), it suffices to introduce a
and to apply the Korn inequality in which will enable us to identifyk p .
Step 2 (Convergence of (s ε p )): 
